
	

Graph Coloring and Sudoku B-9

Graph Coloring and Sudoku
The game of Sudoku has become, in the last few years, the rage among puzzle and
game enthusiasts looking for a more intellectual (and cheaper) challenge than
the one provided by an X-Box. Sudoku is addictive, and even ordinary people
that are not drawn to video games are hooked on it. These days practically every
major newspaper carries a daily Sudoku puzzle.

If you haven’t played Sudoku yet, the rules are quite simple: You start with a
grid of 81 squares called cells.The grid is also subdivided into nine sub-

grids called boxes. Some of the cells are already filled with the numbers 1 through 9.
These are called the givens.The challenge of the game is to complete the grid by fill-
ing the remaining cells with the numbers 1 through 9. The requirements are: (i)
every row and every column of the grid must have the numbers 1 through 9 appear
once; (ii) each of the nine boxes must have the numbers 1 through 9 appear once.

A typical Sudoku puzzle may have somewhere between 25 and 40 givens,
depending on the level of difficulty. Figure 2-10 is an example of a moderately
easy Sudoku puzzle. (Source: http://www.geometer.org/mathcircles). The labels 1
through 9 on the columns and a through i on the rows are not part of the puzzle,
but they provide a convenient way to refer to the cells. Just for fun, you may
want to try this one out before you read on. (Hint:Try to figure out what number
should go in cell Once you have that one figured, go to cell d3. That’s enough
help for now. The solution is shown after the References and Further Readings.)

The Sudoku Graph
To see the connection between Sudoku and graph coloring, we will first describe
the Sudoku graph, which for convenience we will refer to as S. The graph S has 81
vertices, with each vertex representing a cell.When two cells cannot have the same
number (either because they are in the same row, in the same column, or in the
same box) we put an edge connecting the corresponding vertices of the Sudoku
graph S. For example, since cells a3 and a7 are in the same row, there is an edge
joining their corresponding vertices; there is also an edge connecting a1 and b3
(they are in the same box), and so on. When everything is said and done, each ver-
tex of the Sudoku graph has degree 20, and the graph has a total of 810 edges. S is
too large to draw, but we can get a sense of the structure of S by looking at a partial
drawing such as the one in Fig. 2-11.The drawing shows all 81 vertices of S, but only
two (a1 and e5) have their full set of incident edges showing.
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FIGURE 2-11 A partial drawing of
the Sudoku graph
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FIGURE 2-10

See Exercise 22.
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B-10 Mini-Excursion 2: A Touch of Color

A short biographical profile of Hamil-
ton is given in Chapter 6.

The second step in converting a Sudoku puzzle into a graph coloring prob-
lem is to assign colors to the numbers 1 through 9. This assignment is arbitrary,
and is not a priority ordering of the colors as in the greedy algorithm —it’s just a
simple correspondence between numbers and colors. Figure 2-12 shows one such
assignment.

FIGURE 2-13 A Sudoku puzzle as a
graph coloring problem

Vertex color:

Cell number: 1 2 3 4 5 6 7 8 9

FIGURE 2-12

Once we have the Sudoku graph and an assignment of colors to the numbers
1 through 9, any Sudoku puzzle can be described by a Sudoku graph where some
of the vertices are already colored (the ones corresponding to the givens). For ex-
ample, the Sudoku puzzle shown in Fig. 2-10 is equivalent to the partial coloring
shown in Fig. 2-13. To solve the Sudoku puzzle all we have to do is color the rest
of the vertices using the nine colors in Fig. 2-12.

Map Coloring
Map drawing and coloring is an ancient art, but the connection between map col-
oring and mathematics originated in 1852 when a University of London student
by the name of Francis Guthrie mentioned to his mathematics professor (the well
known mathematician Augustus De Morgan) that he had been coloring many
maps of English counties (don’t ask why) and noticed that every map he had
tried, no matter how complicated, could be colored with four colors (where dis-
tricts with a common border had to be colored with different colors). He inquired
if this was a known mathematical fact, and De Morgan (who didn’t know the an-
swer) checked with some of the most famous mathematicians of the time, includ-
ing his friend William Rowan Hamilton.

Guthrie’s notion that any map could be colored with just four colors, sound-
ed so simple that everyone assumed it could be easily proved mathematically.
After 100 years and many failed attempts at a proof, the Four-Color Conjecture,
as the problem was famously known, was finally solved in 1976 by Kenneth
Appel and Wolfgang Haken of the University of Illinois.Yes, indeed, Guthrie was
right: Every map can be colored with four colors or less. The solution to this sim-
ple question took up 500 pages and about 1000 hours of computer time.
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